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We consider Horˇava–Lifshitz gravity in both 1+1 and 2+1 dimensions. These lower-dimensional
versions of Horˇava–Lifshitz gravity are simple enough to be explicitly tractable, but still complex
enough to be interesting. We write the most general (non-projectable) action for each case and
discuss the resulting dynamics. In the 1 + 1 case we utilize the equivalence with 2-dimensional
Einstein-aether theory to argue that, even though non-trivial, the theory does not have any local
degrees of freedom. In the 2+1 case we show that the only dynamical degree of freedom is a scalar,
which qualitatively has the same dynamical behaviour as the scalar mode in (non-projectable)
Horˇava–Lifshitz gravity in 3 + 1 dimensions. We discuss the suitability of these lower-dimensional
theories as simpler playgrounds that could help us gain insight into the 3+1 theory. As special cases
we also discuss the projectable limit of these theories. Finally, we present an algorithm that extends
the equivalence with (higher order) Einstein-aether theory to full Horˇava–Lifshitz gravity (instead
of just the low energy limit), and we use this extension to comment on the apparent naturalness of
the covariant formulation of the latter.
PACS numbers: 04.60.-m, 04.50.Kd, 04.60.Kz
I. INTRODUCTION
Two years ago Horˇava proposed a gravity theory (now
commonly referred to as Horˇava–Lifshitz gravity or sim-
ply Horˇava gravity) that has some realistic hope to be
a UV completion of general relativity [1]. This is to be
achieved by adding to the gravitational action higher-
order spatial derivatives without adding higher-order
time derivatives. This procedure can lead to a mod-
ification of the graviton propagator which renders the
theory power-counting renormalizable, without increas-
ing the number of time derivatives in the field equations
[1–3].
Clearly such a theory cannot treat space and time on
the same footing, and is naturally constructed in terms of
a preferred foliation. This foliation can be described by
a scalar field, which is an extra degree of freedom of the
theory with respect to general relativity. The theory is
not invariant under the full set of diffeomorphisms, but it
can still be invariant under the more restricted foliation-
preserving diffeomorphisms, t → t˜(t), xi → x˜i(t, xi). It
is convenient to consider the Arnowitt–Deser–Misner de-
composition of spacetime
ds2 = −N2c2dt2 + gij(dxi +N idt)(dxj +N jdt). (1)
Defining the extrinsic curvature as
Kij =
1
2N
{g˙ij −∇iNj −∇jNi} , (2)
the action of the theory is of the form
S =
M2pl
2
∫
ddxdtN
√
g
{
KijKij − λK2 + V
}
, (3)
where Latin indices run from 1 to 3, Mpl is the Planck
mass, g is the determinant of the spatial metric gij , while
λ is a dimensionless running coupling, and V is the part
of the Lagrangian that does not contain any time deriva-
tives. In fact, invariance under foliation-preserving dif-
feomorphisms requires that V does not include any terms
containing the shift N i, but is instead constructed only
with the lapse N , the induced metric gij , and their spa-
tial derivatives.
Power counting renormalizability, on the other hand,
requires that V include terms with up to 2z derivatives,
where z ≥ d, and d is the number of spatial dimensions
[1–3]. When d = 3, one should have at least z = 3,
i.e. 6th-order, operators in V . Additionally, radiative
corrections are expected to generate all possible terms
compatible with the symmetries of the theory. This leads
to a very large number of terms that one needs to in-
clude in V . Restricting the lapse to be a function of time
only, N = N(t), as has been suggested in reference [1]
in order to match the reduced symmetry of the theory,
leads to a much smaller and tractable number of terms
[4, 5] — the so-called projectable version of the theory,
see references [6, 7] for reviews. However, in this version
of the theory, as well as in other versions with differ-
ent restrictions, such as detailed balance [1], the extra
scalar degree of freedom exhibits undesirable dynamical
behaviour, such as instabilities, over-constrained evolu-
tion, and strong coupling at low energies [5, 8–18]. (We
will not consider in this article models where the action
has been modified in order to respect extra symmetries,
such as the model with an extra local U(1) symmetry
proposed in reference [19]. See reference [20] for a brief
review including all of the various versions of Horˇava–
2Lifshitz gravity.)
It turns out that the scalar mode is much better be-
haved if no projectability or detailed balance restriction
is imposed [21]. Then V has the general form
V = ξ R+ η aiai + 1
M2⋆
L4 +
1
M4⋆
L6 , (4)
where R is the Ricci scalar of gij ,
ai = ∂i lnN , (5)
while ξ and η are dimensionless couplings, M⋆ is a new
mass scale, and L4 and L6 include all possible terms of
4th and 6th order in spatial derivatives respectively. A
cosmological constant can also be added to V but we ne-
glect it here for simplicity as it is not important for our
discussion. The presence of the aiai term, in addition to
the standard R term, is enough to alleviate the aforemen-
tioned problems at low energies. Strong coupling persists
even in this version of the theory and, though it is pushed
up to high energies, it still constitutes a potential threat
for UV completeness [22, 23]. However, it can be alto-
gether avoided by assigning a specific hierarchy between
the scales Mpl and M⋆ [24].
There is still a long way to go before one can say
with confidence whether Horˇava’s proposal is a truly vi-
able UV complete gravity theory. Renormalizability be-
yond power-counting has not been demonstrated, and the
renormalization group flow of the various running cou-
plings is not yet known (despite the fact that infrared
viability hinges on the hope that various parameters will
run sufficiently rapidly to desired values). Furthermore,
there are various phenomenological aspects of the theory
which have not yet been studied, which will lead to new
constraints (e.g. coupling to matter, equivalence principle
violations, etc.). Despite these limitations, for the mo-
ment Horˇava–Lifshitz gravity definitely seems to be an
interesting candidate for a UV complete gravity theory,
one which deserves further study.
A purely technical difficulty of the theory is the very
large number of terms that one needs to consider as part
of L4 and L6. One way to deal with this problem without
imposing restriction to the action would be to study the
theory in less that 3 spatial dimensions. Since renormal-
izability requires z = d (at least), taking d < 3 would also
reduce the number of spatial derivatives one would have
to allow, so it would also consequently reduce drastically
the number of higher-order operators. Therefore, one
could consider studying lower-dimension Horˇava–Lifshitz
gravity in an attempt to gain insight into the 3 + 1 di-
mension theory.
As discussed, the problem with imposing restrictions to
the action in order to reduce the number of higher-order
operators is essentially that it alters the dynamics of the
theory. There is no particular reason to expect that this
is not also going to be the case when one reduces the num-
ber of spatial dimensions. Indeed, we already know for a
fact that the dynamics of general relativity changes dras-
tically when the number of spatial dimensions drops be-
low 3. Our goal here is precisely to examine to which ex-
tent the dynamics of lower-dimensional Horˇava–Lifshitz
gravity resembles that of the 3 + 1 dimensional theory.
This will allow us to gauge how much we can learn for
the latter from the former. In what follows, we will sepa-
rately consider 1+1 and 2+1 Horˇava–Lifshitz gravity, we
will construct the full actions and discuss their dynam-
ics, utilizing (and extending to lower dimensions) also the
equivalence [25] between Einstein-aether theory [26, 27]
and the low energy limit of Horˇava–Lifshitz gravity.
Note that lower-dimensional models of Horˇava–Lifshitz
gravity are also interesting in their own right. Renormal-
izable gravity theories, even in less that 3+1 dimensions,
are not so easy to find. Such models could potentially be
used as duals to non-relativistic quantum field theories
in the context of the AdS/CFT correspondence, or as
theories describing gravity on worldsheets of strings or
worldvolumes of branes [28]. See also reference [29] for
further examples.
II. HORˇAVA–LIFSHITZ GRAVITY IN 1 + 1
DIMENSIONS
A. Setup and most general action
We start by considering the simplest case of 1 + 1 di-
mensions. The action of the theory in this case is dras-
tically simplified as 1-dimensional space cannot have in-
trinsic curvature. At the same time the extrinsic curva-
ture is actually a scalar, given by
K =
1
2N
{g˙11 − 2∇1N1} , (6)
Finally, we have z = d = 1, so V needs to contain space-
covariant terms we can construct with gij → g11, and
ai → a1, with up to 2 spatial derivatives only. Thus, the
action has the simple form
S =
M2pl
2
∫
dxdtN
√
g11
{
(1− λ) K2 + η g11a1a1
}
.
(7)
When λ = 1 and η = 0, which corresponds to the val-
ues of these parameters in general relativity, the theory
becomes trivial as expected. We will not attempt to de-
rive field equations for this theory. Instead, in the next
section we will establish its dynamical equivalence with
Einstein-aether theory in 2 dimensions, by applying the
results of reference [25]. We will then use this equivalence
to discuss the dynamics.
3B. Equivalence with Einstein-aether theory and
dynamics
The action for Einstein-aether theory [26, 27] is
S4dæ =
1
16piGæ
∫
d4x
√
−g˜ (−R˜−Mαβµν∇˜αuµ∇˜βuν)
(8)
where Greek indices run from 0 to 3, R˜ is the 4-
dimensional Ricci scalar of the spacetime metric g˜ab, g˜
is the determinant of that metric, ∇˜α the associated co-
variant derivative, and
Mαβµν = c1g˜
αβ g˜µν + c2g˜
αµg˜βν + c3g˜
αν g˜βµ+ c4u
αuβ g˜µν ,
(9)
(a tilde will be used to denote a spacetime metric, as
opposed to an induced spatial metric, irrespectively of
dimensionality). Gæ has dimensions of an inverse mass
squared, whereas the parameters ci are dimensionless.
Additionally, the aether field, uµ is forced to satisfy the
constraint uµu
µ = 1. Here we assume that this constraint
is imposed implicitly by allowing only variations that re-
spect it. Alternatively, one could impose it explicitly, by
the use of a Lagrange multiplier. It has been shown in
reference [25] that, once the extra restriction that the
aether is hypersurface orthogonal has been imposed, this
aether action is dynamically equivalent to the low-energy
limit of Horˇava–Lifshitz gravity in 3+1 dimensions, i.e. to
the action given in equation (3), but without the higher-
order operators L4 and L6. Given also the unit vector
constraint on the aether, this restriction amounts locally
to the requirement that there exists a function such that
uα =
∂αT√
g˜µν ∂µT∂νT
, (10)
However, one could choose to work in a gauge where T
is identified with the time coordinate t. Then
uµ = δµT (g
TT )−1/2 = NδµT . (11)
If one uses equation (11) to replace uµ in equation (8), the
low-energy limit of the action of Horˇava–Lifshitz gravity
in 3+1 dimensions is recovered, that is, the action given
in equation (3) without the higher-order operatorsL4 and
L6, and with the following correspondence of parameters:
1
8piM2plGæ
= ξ =
1
1− c13 , (12)
λ =
1 + c2
1− c13 , η =
c14
1− c13 ,
where cij = ci + cj .
Clearly, this equivalence will apply also apply in 2 di-
mensions (or indeed any number of dimensions). The
action of 2-dimensional Einstein-aether theory is [30]
S2dæ = −
1
16piGæ
∫
d2x
√
−g˜L2dæ , (13)
where
L2dæ =
1
2
c14F
αβFαβ + c123(∇˜αuα)2 , (14)
and we have ignored total divergences (such as the R˜
term). Greek indices now take the values 0 and 1 only,
and
Fαβ = ∇˜αuβ − ∇˜βuα . (15)
In 2 dimensions any vector field is always locally hy-
persurface orthogonal and, thus, so is the aether. It is
straightforward to show that, after choosing T as the
time coordinate,
∇˜αuα = −K , FαβFαβ = −g11a1a1 . (16)
Then, the action in equation (13) becomes the action of
Horˇava–Lifshitz gravity in 1 + 1 dimensions, as given in
equation (7), with the parameter correspondence as given
in equation (12).
As was mentioned earlier, 4-dimensional Einstein-
aether theory with the extra restriction of the aether
being hypersurface orthogonal is equivalent to the low-
energy limit of Horˇava–Lifshitz gravity in 3 + 1 dimen-
sions, not the full theory. However, in Horˇava–Lifshitz
gravity in 1 + 1 dimensions no operators with more
than two spatial derivatives need to be considered any-
way, as naive power counting renormalizability demands
z = d = 1. Therefore, the complete 1 + 1 Horˇava the-
ory turns out to be equivalent to 2-dimensional Einstein-
aether theory. Additionally, it is worth stressing once
more that in 2 dimensions the aether is necessarily hy-
persurface orthogonal, so no further restriction on the
Einstein-aether side is needed either.
In reference [30] the full set of solutions of 2-
dimensional Einstein-aether theory has been found.
Though nontrivial, unlike general relativity in 2 dimen-
sions, the theory does not posses any local degrees of
freedom. The equivalence presented above can be used
to turn these solutions of Einstein-aether theory into so-
lutions of Horˇava–Lifshitz gravity in 1+ 1 dimensions —
then similar conclusions can be made for the dynamics
of the latter. Based on this, although it might constitute
an interesting model for a 2-dimensional quantum grav-
ity theory, we see that Horˇava–Lifshitz gravity in 1 + 1
dimensions is drastically different from its 3 + 1 counter-
part.
It is also worth mentioning that naive power-counting
renormalizability should be taken with a grain of salt
in 1 + 1 dimensions. Since there are no local degrees
of freedom the perturbative power-counting arguments
do not (strictly speaking) apply. However, again due to
this lack of local degrees of freedom, the theory is likely
to still be non-perturbatively renormalizable, like 2+1
general relativity.
4C. 1 + 1 projectable theory as a limiting case
As mentioned in the Introduction, our main interest
is the most general Horˇava–Lifshitz gravity without any
restrictions, as the more restricted versions tend to have
viability and consistency problems. However, it is rather
trivial for one to obtain the most general action and
understand the dynamics of projectable Horˇava–Lifshitz
gravity as a limiting case of what has been presented
above. The difference between the projectable version
and the version we considered here is that in the for-
mer the lapse is forced to be a function of time only,
i.e N = N(t), at the level of the action.
In 1 + 1 dimensions requiring N = N(t) would make
the last term in eq. (7) vanish, so the most general action
in the projectable version is
Sp =
M2pl
2
∫
dxdtN
√
g11(1− λ) K2 . (17)
Clearly, provided that λ 6= 1 and possibly modulo a sign,
the factor (1−λ) can be absorbed in a redefinition ofMpl.
So, the crucial difference between projectable Horˇava–
Lifshitz gravity and general relativity in 1+1 dimensions
is simply the fact that N = N(t), and nothing more.
III. HORˇAVA–LIFSHITZ GRAVITY IN 2 + 1
DIMENSIONS
A. Setup and most general action
We now turn our attention to 2 spatial dimensions.
The action can take the form given in equation (3), with
Kij being the extrinsic curvature of the 2-dimensional
spatial hypersurfaces. What remains is to determine V .
We have z = d = 2, so V needs to contain all space-
covariant terms we can construct with gij and ai, with
up to 4 spatial derivatives. Some of these terms, however,
can be eliminated if one takes into account the following:
• In 2 dimensions we know that
Rabcd =
1
2
(gacgdb − gadgcb)R, (18)
so all curvature invariants can be expressed in terms
of the Ricci scalar.
• Various terms differ only by a total divergence.
• The vector ai is the gradient of a scalar.
Once all of the above have been taken into account one
can, without any loss of generality, write
V = ξ R+ η aiai + g1R2 + g2∇2R + g3 (aiai)2
+g4Ra
iai + g5a
2(∇ · a) + g6(∇ · a)2
+g7(∇iaj)(∇iaj). (19)
The gi couplings are not dimensionless, but have dimen-
sions of an inverse mass squared (i.e. we have absorbed
the mass scale M⋆ into these couplings). Again, we can
add a cosmological constant which we neglect here for
simplicity. The most general action in 2 + 1 dimension
then has the form
S =
M2pl
2
∫
d2xdtN
√
g
{
KijKij − λK2 + ξR + η aiai
+g1R
2 + g2∇2R+ g3 (aiai)2
+g4Ra
iai + g5a
2(∇ · a) + g6(∇ · a)2
+g7(∇iaj)(∇iaj)
}
. (20)
We can obtain the field equations by varying the action
with respect to the lapse N , the shiftN i, and the induced
metric gij . Variation with respect to the lapse yields
KijKij − λK2 + ξR+ η
[
2∇ · a+ aiai
]
(21)
−g1R2 − g2∇2R+ g3
[
4∇i(ajajai) + 3(aiai)2
]
+g4
[
2∇i(Rai) +Raiai
]
+ g5
{
aiai∇ · a
+2∇ · (a[∇ · a])− [∇2(Naiai)]/N
}
−g6
[
3(∇ · a)2 + 2∇2(∇ · a) + 2a2(∇ · a)
+4(a · ∇)(∇ · a)]− g7[(∇iaj)(∇iaj)
−2(∇iaj)aiaj − 4∇i(aj(∇iaj))− 2∇i∇2ai
]
= 0.
Variation with respect to the shift yields
∇ipiij ≡ ∇i
{
Kij − λKgij} = 0 . (22)
Variation with respect the spatial metric gij yields
51√
g
∂t(
√
g piij) + 2N
(
K li Klj − λKKij
)− 1
2
N
(
KijKij − λK2
)
gij −Npiij(∇mNm)− L ~N (Npiij)
+2NN(ipij)ma
m − ξ 1
N
[∇i∇j − gij∇2]N + η
[
aiaj − 1
2
alalgij
]
+
1
2
g1R
2gij − 2g1 1
N
[∇i∇j − gij∇2](NR)
−g2 1
N
[∇i∇j − gij∇2](∇2N)− g2a(i∇j)R+ g2
∇m(NRam)
2N
gij + 2g3a
2aiaj − 1
2
g3(a
2)2gij + g4Raiaj
−g4 1
N
[∇i∇j − gij∇2](Naiai)− 1
2
g4Ra
2gij + g5aiaj [(∇ · a)− a2]− 1
2
g5
{
(∇ia2)aj + (∇ja2)ai
}
+
1
2
g5
{
(a2)2 + am∇ma2
}
gij − 2g6(∇ · a)aiaj − g6 {(∇i[∇ · a])aj + (∇ji[∇ · a)ai}
+g6
[
a2(∇ · a) + a · ∇(∇ · a) + 1
2
(∇ · a)2
]
gij − 1
2
g7(∇man)(∇man)gij − 2g7(a · ∇a(i)aj) − 2g7(∇2a(i)aj)
+g7a
2(∇iaj) + g7∇ · ([∇iaj ]a) = 0 , (23)
where L ~N denotes the Lie derivative along the vector N i.
Though rather lengthy, these equations are perhaps
more manageable than they seem. Equations (21) and
(22) do not contain any time derivatives of the lapse or
the shift and are, therefore, constraints. The only dy-
namical equation is (23) and the only dynamical variable
is gij . However, applying the uniformization theorem
[31], since gij is a 2-dimensional metric and the theory is
invariant under transformation of the sort xi → x˜i(t, xi),
there is enough gauge freedom to set
gij = Ω
2 gcij , (24)
where gcij denotes the metric of a constant curvature
spherical, Euclidean or hyperbolic 2-dimensional space.
This gauge choice would turn equation (23) into a dy-
namical equation for the conformal factor Ω. We will not
proceed further to explicitly write the equation in this
specific gauge, as the current discussion suffices to con-
vincingly argue that the theory propagates only a single
scalar degree of freedom.
B. Linearization and dynamics
To provide further support for our claim that there
is only a single scalar degree of freedom, we linearize
the theory around flat 2+1 Minkowski space. This will
also allow us to determine the linearized propagator for
the scalar, and get a deeper insight into the dynamics.
We start with the action given in equation (20), and we
perturb to quadratic order. We have
N = 1 + α, Ni = 0 + ni, (25)
and we make the gauge choice
gij = e
2ζδij . (26)
The terms (aiai)
2, Raiai and a
2(∇ · a) will not con-
tribute to this order (since by construction ai = R = 0
in the background). On the other hand, (∇ · a)2 and
(∇iaj)(∇iaj) give the same (non-trivial) contribution to
this order, so we define (with some foresight) g67 =
(g6 + g7)/2. The quantity Kij appears only quadrati-
cally in the action, so we only need to compute it to first
order:
K
(1)
ij = ζ˙δij − ∂(inj) , (27)
K(1) = 2ζ˙ − ∂ini . (28)
The quadratic action then takes the form
S = M2pl
∫
d2xdt
{
(1 − 2λ)ζ˙2 − (1− 2λ)ζ˙(∂ini)
+
1
4
(1− 2λ)(∂ini)2 + 1
4
ni∂2ni − ξα∂2ζ
+
η
2
(∂iα)(∂
iα) + 2g1(∂
2ζ)2
−2g2(∂2α)(∂2ζ) + g67(∂2α)2
}
, (29)
where ∂2 = δij∂i∂j .
We start by varying with respect to ni. This variation
yields
1
2
(1 − 2λ)∂i(∂jnj) + 1
2
∂2ni = (1− 2λ)∂iζ˙ . (30)
Taking the divergence leads to the equation
(1 − λ)∂2(∂ini) = (1− 2λ)∂2ζ˙ , (31)
which, (given suitable regular boundary conditions), can
be trivially integrated to give
∂in
i =
1− 2λ
1− λ ζ˙ . (32)
Re-inserting this into equation (30) one gets
∂i(∂jn
j)− ∂2ni = 0 . (33)
6In particular, this implies
∂2n[i,j] = 0 , (34)
which in turn (given suitable regular boundary condi-
tions) implies that
n[i,j] = 0 ⇒ ni = ∂iβ . (35)
That is, ni has to be the gradient of a scalar, which leaves
no room for vector perturbations. From equation (32) we
get
∂2β =
1− 2λ
1− λ ζ˙ . (36)
We now move on to the variation with respect to α.
This yields
−g2∂4ζ + 2g67 ∂4α− ξ ∂2ζ − η ∂2α = 0. (37)
Again, imposing some regularity conditions, this can be
solved to give
α = − ξ + g2∂
2
η − 2g67∂2 ζ . (38)
We can now use equations (35), (36) and (38) to integrate
out the non-dynamical fields ni and α in favour of the
dynamical field ζ. The quadratic action then reads
S =M2pl
∫
d2xdt
{1
2
1− 2λ
1− λ ζ˙
2 + ζDζ
}
, (39)
where
D ≡ ξ
2 + 2 [2ηg1 + ξg2] ∂
2 +
[
g22 − 4g1(g6 + g7)
]
∂4
2(η − (g6 + g7)∂2) ∂
2 .
(40)
The dispersion relation for the scalar is then given by a
rational polynomial
1
2
1− 2λ
1− λ ω
2 =
P1(k)
P2(k)
, (41)
where
P1(k) = ξ
2k2 − 2 [2ηg1 + ξg2] k4
+
[
g22 − 4g1(g6 + g7)
]
k6 (42)
P2(k) = 2(η + (g6 + g7)k
2) . (43)
Note that this rational polynomial dispersion relation is
qualitatively similar to that of the scalar mode in 3 + 1
dimensions [21]. Classical stability requires this action
to have the correct relative sign between the kinetic and
the potential term, that is, it requires
1− λ
1− 2λ
1
η
> 0 . (44)
Since we have only one excitation, positivity of energy is
not really a concern, as it can be controlled by flipping
the overall sign of the action. This is not the case in 3+1
dimensions, where there is a spin-2 graviton as well, and
one needs to separately require that its kinetic term has
the same sign as the kinetic term of the scalar, if neither
of the two fields is to be a ghost.
In the low-momentum limit we have
α ≈ − ξ
η
ζ , D ≈ ξ
2
2η
∂2 . (45)
That is, α is given algebraically in terms of the confor-
mal factor of the spatial metric ζ, which now satisfies a
standard linear dispersion relation
1
2
1− 2λ
1− λ ω
2 ≈ ξ
2k2
2η
, (46)
with (low momentum) phase velocity
cζ =
ξ√
η
√
1− λ
1− 2λ . (47)
Clearly, the limit to general relativity is far from trivial.
In that limit we have gi → 0, η → 0 and λ → 1, so the
behaviour of the mode depends strongly on how η/(λ −
1) scales as both numerator and denominator approach
zero. Note that in general relativity, where gi = 0, η = 0
and λ = 1 a priori, equation (31) is enough to render the
dynamics of ζ trivial.
What about the dynamics beyond the quadratic or-
der? One could straightforwardly follow the lines of ref-
erence [22] (or reference [23]) and derive the cubic in-
teractions for the scalar. However, we will not attempt
this here, simply because the calculation is not sensitive
to the dimensionality of space. Thus, there is no reason
to believe that the result will differ in any way (at least
qualitatively) from that obtained in the case of 3 + 1 di-
mensions. It is, therefore, expected that the scalar will
exhibit strong coupling at some scale determined by the
magnitudes of λ and η [22, 23]. It is also expected that
choosing the right hierarchy betweenMpl andM⋆ will al-
leviate this strong coupling, just as in the 3+1 case [24].
The only difference here is that, since in 2+1 dimensions
there are no experimental constraints but only consis-
tency requirements, one now has the freedom to choose
the magnitude of λ and η so as to push the strong cou-
pling scale beyond the energies at which the higher-order
operators become important.
To sum up, the theory in 2 + 1 dimensions clearly has
a fundamental difference from its counterpart in 3 + 1
dimensions, namely the absence of a spin-2 graviton, as
one might have expected. However, it does possess a
scalar degree of freedom with non-trivial dynamics. Ad-
ditionally, this degree of freedom exhibits (qualitatively)
the same dynamical behaviour as does the scalar degree
of freedom in 3 + 1 dimensional Horˇava–Lifshitz gravity.
Therefore, it seems that Horˇava–Lifshitz gravity in 2+ 1
dimensions is a good theoretical playground for exploring
scalar-mode related aspects of Horˇava–Lifshitz gravity in
3 + 1 dimensions.
7C. Equivalence with Einstein-aether theory and
covariant formulation
As one can readily see from the discussion in section
II B the equivalence between Horˇava–Lifshitz gravity and
Einstein-aether theory with a hypersurface orthogonal
aether does not really hinge on the dimensionality. In
fact, in 2 + 1 dimensions it will go through exactly in
the same way as in 3 + 1 dimensions. However, unlike
the special case of 1 + 1 dimensions, where the action
of Horˇava–Lifshitz gravity does not contain any higher-
order terms, here this equivalence will be limited to the
low-energy limit only, and not hold for the complete
action. Nonetheless, restricted though it may be, this
equivalence is suggestive on its own of a suitable exten-
sion to all energies. One could follow this series of steps:
1. Construct the most general (fully covariant) ex-
tension of Einstein-aether theory with up to four
derivatives, imposing the additional restriction that
the aether be hypersurface orthogonal.
2. Observe that the part of the action that is second-
order in derivatives is equivalent to the low-energy
limit of Horˇava–Lifshitz gravity, and that if there is
a more general equivalence it will necessarily have
to work order by order.
3. Use the prescription from the second-order equiv-
alence to identify how to implement the preferred
foliation of Horˇava–Lifshitz gravity to this higher-
order Einstein-aether theory.
4. Compare the higher-order terms of the two theories
order by order, and identify the parameter match-
ing that will lead to the desired equivalence.
The number of covariant terms which are 4th-order in
derivatives in 3-dimensional Einstein-aether theory is
quite large and, therefore, we will not attempt to ap-
ply the algorithm described above and present the result
explicitly (doing so at this stage seems also to be of little
practical significance). However, as a point of principle,
the existence of this algorithm provides a method of “co-
variantization”, alternative to the use of projection oper-
ators as suggested in reference [32]. More importantly, it
allows one to make the following interesting observations.
The number of 4th-order terms in equation (20) is
far smaller than the number of covariant terms which
are 4th-order in derivatives in 3-dimensional Einstein-
aether theory (even after hypersurface orthogonality of
the aether has been imposed). Indeed, the latter generi-
cally contains higher-order time derivatives, whereas the
former is carefully constructed not to. This will be re-
flected in the matching of parameters in step 4: several
of the couplings of the 4th-order terms in Einstein-aether
theory will have to be exactly tuned to satisfy specific al-
gebraic relations in order for the higher-order time deriva-
tives to cancel out. This will reduce the number of inde-
pendent couplings to exactly the number of independent
couplings of the corresponding Horˇava–Lifshitz gravity.
Though this seems perfectly feasible, it implies that, re-
formulated as a covariant theory, Horˇava–Lifshitz gravity
would seem to be unnaturally fine-tuned, even though
this does not really seem to be the case, (at least not ac-
cording to power-counting renormalizability arguments).
Viewed from a perspective of the corresponding
Einstein-aether theory the same observations sound per-
haps more striking: When constructing such a theory
with terms up to a certain order in derivatives, selec-
tively neglecting to exclude a term, or relating its co-
efficient with another term’s coefficient, would certainly
be considered unnatural fine tuning. (Based on this ob-
servation, standard Einstein-aether theory includes all
possible terms which are second-order in derivatives.)
However, the specific fine tuning that leads to the corre-
sponding Horˇava–Lifshitz gravity is not actually unnat-
ural. Remarkably this is exactly the choice that removes
higher-order time derivatives, which would otherwise be
very worrisome. (Note that it is not the lack of Lorentz
symmetry per se that make this specific fine tuning nat-
ural, as any generic choice of parameters would anyway
lead to a Lorentz violating theory.)
Clearly, all of the above observations are not particular
to 2 spatial dimensions. Therefore, the whole discussion
applies unmodified to the phenomenologically more in-
teresting 3 + 1 Horˇava–Lifshitz gravity.
D. 2 + 1 projectable theory as a limiting case
We now consider the limit to the 2+1 dimensional pro-
jectable version of the theory, same as we did in section
II C for 1 + 1 dimensions. In 2 + 1 dimensions, starting
from eq. (20) and setting N = N(t) yields
Sp =
M2pl
2
∫
d2xdtN
√
g
[
KijKij − λK2 + g1R2
]
.
(48)
Note that, in addition to all terms involving ai vanish-
ing, the g2∇2R term in eq. (20) can also be neglected
in the projectable case, as it becomes a boundary term.
Furthermore, in view of the Gauss-Bonnet theorem in 2
space dimensions, the ξR term is a total divergence which
becomes a pure boundary term when N = N(t). Hence,
it should also be discarded.
We will refrain from presenting the field equations for
the projectable theory here, but they can be straightfor-
wardly derived from eqs. (21), (22) and (23), by setting
N = N(t) and discarding terms proportional to g2 and
η. Some extra care is needed in the case of the equation
for the lapse, which will now have to be turned to into a
global, instead of a local constraint.
What is perhaps of more interest is to obtain the lin-
earized dispersion relation for the projectable theory as a
limiting case. Note that taking the limit in which η → 0,
gi → 0 for i ≥ 2 would not be correct, as it would not
actually enforce the constraint N = N(t). Instead, if
8we view the projectable model as a limit of the non-
projectable model, then the right limit is η → ∞ (this
would force α→ 0 in the linearized theory). The disper-
sion relation then becomes
1
2
1− 2λ
1− λ ω
2 = −2g1k4 , (49)
Remarkably, there is no k2 term in this dispersion rela-
tion. This can of course be traced back to the fact that
in 2 dimensions the Ricci scalar R is actually a total di-
vergence. This property is specific to 2 dimensions, mak-
ing 2+1 dimensional projectable Horˇava–Lifshitz gravity
rather special and non-representative. In fact, in 3+1 di-
mensions, a k2 term is present in the dispersion relation
of both the spin-2 and the scalar mode [5].
IV. CONCLUSIONS
We have studied (non-projectable) Horˇava–Lifshitz
gravity in 1+1 and 2+1 dimensions. The 1+1 theory in-
cludes only second-order operators and is, as might have
been expected, dynamically equivalent to 2-dimensional
Einstein-aether theory. Given that the dynamics of the
latter is well known, we can easily infer that Horˇava–
Lifshitz gravity in 1 + 1 dimensions, though non-trivial,
does not have any local degrees of freedom. Therefore,
its dynamics (or lack thereof) is qualitatively very differ-
ent from the 3 + 1, theory. In fact, in this regard, 1 + 1
Horˇava–Lifshitz gravity actually shares features of 2 + 1
Einstein gravity.
We then moved on to 2 + 1 Horˇava–Lifshitz gravity
could also be considered very different from the 3 + 1
theory as it does not have any spin-2 mode. It does,
however, have a propagating scalar mode, so it is far
from being dynamically trivial. Additionally, if viewed
from a different perspective, it actually bears remarkable
similarity with the 3+1 theory, as the propagating scalar
mode has, qualitatively, the same dynamical behaviour
(rational polynomial dispersion relation, strong coupling,
etc.) as the scalar mode in the 3 + 1 theory.
Based on the above, one can easily infer that the study
of Horˇava–Lifshitz gravity in 1+1 dimensions cannot pro-
vide much insight into the properties of the 3+ 1 theory.
On the other hand, studying Horˇava–Lifshitz gravity in
2 + 1 dimensions could provide a simpler and tractable
setting for studying the properties of the scalar mode in
the 3 + 1 theory. Additionally, it could help understand
properties of the 3+1 theory which are not strictly (and
solely) dependent on the type of the propagating field,
e.g. renormalization properties. Clearly, both 1 + 1 and
2 + 1 theories are interesting in their own right as well.
In addition to the above, we also used the 2+1 theory
and its equivalence with 3-dimensional Einstein-aether
theory as an example to discuss a possible covariant for-
mulation. We provided an algorithm for writing Horˇava–
Lifshitz gravity as a higher-order Einstein-aether theory.
Starting from this algorithm, we were able to argue that
Horˇava–Lifshitz gravity would appear to be unnaturally
fine-tuned when seen as a covariant theory, even though
this does not seem to be the case according to power-
counting renormalizability arguments. Put differently,
fine tuning a higher-order Einstein-aether theory to elim-
inate higher-order time derivatives is remarkably not un-
natural, provided that the aforementioned renormaliz-
ability arguments are robust beyond power counting.
Lastly, we also briefly considered the projectable ver-
sion of Horˇava–Lifshitz gravity, where the lapse function
is assumed to be space-indepedent, as a limiting case of
the results we had already obtained. In 1+1 dimensions,
the action simply reduces to that of general relativity but
with the projectability constraint. In 2 + 1 dimensions,
the action is that of general relativity with an extra R2
term and the projectability constraint. There is a prop-
agating scalar degree of freedom satisfying a dispersion
relation of the form ω2 ∝ k4. The absence of the k2 is
particular to 2 + 1 dimensions making the 2 + 1 theory
non-representative (and Lorentz-violating at all scales).
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